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1. INTRODUCTION
Let W be a ﬁnitely generated Coxeter group with distinguished generat-
ing set R. The elements of R are referred to as the fundamental reﬂections
of W and the set of reﬂections of W consists of wrw−1  r ∈ Rw ∈ W .
For r s ∈ R, mrs= msr denotes the order of rs (so mrr = 1 for all r ∈ R).
We deﬁne the length lw of an element w of W to be
lw =
{
minl ∈   w = r1r2 · · · rl some ri ∈ R if w 
= 1,
0 if w = 1 .
We now deﬁne, among other things, evil elements of W .
Deﬁnition 1.1. For a conjugacy class C of W , we write Cmin (respec-
tively Cmax) for the set of minimal (respectively maximal) length elements
in C. We say a conjugacy class of W is ﬂat if Cmin = Cmax; that is, all its
elements have the same length. For w ∈ W ,
(i) w is called a bad downward element if w /∈ Cmin, but for all
reﬂections s, lsws ≥ lw;
(ii) w is called a bad upward element if w /∈ Cmax, but for all reﬂec-
tions s lsws ≤ lw; and
(iii) w is called an evil element if Cmin 
= Cmax, but for all reﬂections
s lsws = lw.
We say w is bad if it is either bad upward or bad downward.
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Just as in [7], here we will be examining the effect on the lengths of
elements when we conjugate by reﬂections of W . Our main conclusion is
given in
Theorem 1.1. A ( ﬁnitely generated) Coxeter group has no evil elements.
Theorem 1.1 is somewhat akin to the recent results of [3, 4]. Also in the
same vein is the main theorem of [7] which states that an inﬁnite ﬁnitely
generated irreducible Coxeter group possesses no bad upward elements,
and hence has no evil elements. Consequently, because of Proposition 1.2,
to prove Theorem 1.1 we only need to consider ﬁnite irreducible Coxeter
groups. In the course of proving Theorem 1.1 we determine all the ﬂat
classes of the ﬁnite irreducible Coxeter groups which may be of independent
interest.
Theorem 1.2. Let W be a ﬁnite irreducible Coxeter group and let w0 be
the longest element of W . The nontrivial ﬂat classes of W are as follows.
(i) If W is Bn, D2n, E7, E8, F4, H3, or H4, then w0 is a ﬂat class.
(ii) If W is An, then there are only ﬂat classes for n = 1 2 (and they
are 12 for A1 = S2, and 123 132 for A2 = S3).
(iii) If W is Bn or D4n, then the class of elements w with w2 = w0 is a
ﬂat class.
(iv) If W is In, then ww−1 is a ﬂat class for all w of even length.
(v) The remaining ﬂat classes of the exceptional groups are given in
Table I, where x stands for a ﬁxed, arbitrary Coxeter element of the group in
question.
We remark that the existence of ﬂat classes means that some case-by-case
arguments in the proof of Theorem 1.1 are inevitable. Although there are
no evil elements, there do exist bad elements. The permutation group S7 is
a ﬁnite Coxeter group of type A6 with generating set R = i i + 1  1 ≤
i ≤ 6 and reﬂection set i j  1 ≤ i < j ≤ 7. In S7, the 6-cycle 125763
is bad downward and the 6-cycle 174265 is bad upward. So, interestingly,
both types of bad element can occur in the same conjugacy class. There are
six bad downward elements in this group; four 6-cycles and two elements
of the form abcdefg (see [5]). Table II gives the distribution of bad
upward elements in S7; as can be seen, they are more numerous than bad
downward elements.
In addition, it can be shown that 125763, viewed as an element in A˜6,
is a bad downward element of A˜6 (see [7]). It is, however, possible to
decrease (or increase) the length of an element if one is permitted to use a
sequence of fundamental reﬂections—in [3], Geck and Pfeiffer proved the
following for any Weyl group W . For w ∈ W , if lw is not minimal for its
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TABLE I
Flat Classes in the Exceptional Groups
Group Size of class Representative Length Order
E6 80 x4 24 3
E8 4480 x5 40 6
4480 x10 80 3
15120 y  y2 = w0 60 4
F4 16 x2 8 6
12 x3 12 4
16 x4 16 3
H4 24 x3 12 10
40 x5 20 6
24 x6 24 5
24 x9 36 10
40 x10 40 3
24 x12 48 5
60 y  y2 = w0 30 4
conjugacy class, then there exists a sequence r1 r2     rn of fundamental
reﬂections such that lrnrn−1 · · · r1wr1 · · · rn−1rn < lw and for 1 ≤ i ≤
n − 1, lriri−1 · · · r1wr1 · · · ri−1ri = lw. The analogue of this result, that
the length of an element may be increased using a sequence of fundamental
reﬂections, has been proved in [4].
Let V be an -vector space with basis ", the so-called set of fundamental
roots, where " = αr r ∈ R is in one-to-one correspondence with R. For
αr , αs ∈ " we deﬁne
αr αs = − cosπ/mrs if mrs <∞
TABLE II
Bad Upward Elements in S7 (See [5])
Number of bad
Size of class Order of elements upward elements
630 4 2
504 6 16
420 6 10
840 6 4
720 7 10
504 10 32
420 12 30
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and
αr αs = −1 if mrs = ∞ 
Clearly this induces an inner product on V . Deﬁning, for r ∈ R, v ∈ V ,
r · v = v − 2v αrαr
yields a faithful action of W on V , which also preserves the inner product
   (see [6, Sect. 5.4]). The root system & of W in V is deﬁned to be the
set w · αr w ∈ W r ∈ R. Let V + = 
∑
r∈R λrαr ∈ V λr ≥ 0 for all r ∈ R,
&+ = &∩ V+ and &− = −&+. The sets &+ and &− are called, respectively,
the positive and negative roots of & and it is a basic fact that & = &+∪˙&−
(again, see [6, Sect. 5.4]). We say that α, β ∈ & are connected if and only
if there exists w ∈ W such that β = w · α. We use &α to denote the
connected component of α ∈ &. For w ∈ W we deﬁne Nw = α ∈ &+w ·
α ∈ &−.
From the fact that W acts faithfully on V it follows that W is a subgroup
of Sym(&), the symmetric group on the roots &. In Section 2 we investigate
the possible cycles on & of an evil element. Our main result, Proposition
2.2, yields a detailed description of all possible cycles (when W is not Im,
H3, or H4) from which we deduce, in Proposition 2.3, that an evil element
must have order 4 or 12. After this our arguments depend on what type W
is—types An, Bn, and F4 are dealt with in Section 3, while Section 4 sees
us in an intricate tussle with type Dn. At the end of Section 4 we determine
the ﬂat classes for W of types An, Bn, and Dn and in our last section we
consider the exceptional Coxeter groups E6, E7, E8, F4, H3, and H4.
In the rest of this section we establish more notation and state some
well-known results on Coxeter groups we shall be using.
The Coxeter graph * of W is the (labeled) graph whose vertex set is R
and an edge labeled mrs joins r s ∈ R whenever mrs ≥ 3. By convention we
shall omit the label when mrs = 3 and we use a double edge to indicate
that mrs = 4. If * is a connected graph, then we say that W is irreducible.
The rank of W is the cardinality of R.
Proofs for the next two results may be located in [6].
Proposition 1.1. (i) There is a one-to-one correspondence between &+
and the set of reﬂections in W . For each α ∈ & there is a reﬂection, denoted
rα, with rα · α = −α and rα · β = β− 2αβα.
(ii) If α = w · αr for some w ∈ W , αr ∈ ", then rα = wrw−1, where r
is the fundamental reﬂection corresponding to the fundamental root αr .
(iii) For a ﬁnite Coxeter group and αβ ∈ &, αβ ≤ 1. Moreover
αβ = 1 if and only if α = β and αβ = −1 if and only if α = −β.
(iv) lw = Nw for all w ∈ W .
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Lemma 1.1. Let α ∈ &+. If w · α ∈ &+ then lwrα > lw. If w · α ∈ &−
then lwrα < lw.
Below we give the Coxeter graphs for each type of ﬁnite irreducible
Coxeter group.
rn rn−1 r1
· · ·An n ≥ 1
rn rn−1 r2 r1
· · ·Bn n ≥ 2
rn rn−1 r3
r1
r2
· · ·Dn n ≥ 4
r1 r3 r4 r5 r6
r2
E6
r1 r3 r4 r5 r6
r2
r7
E7
r1 r3 r4 r5 r6
r2
r7 r8
E8
r1 r2 r3 r4
F4
r1 r2 r3
5
H3
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r1 r2 r3 r4
5
H4
a b
m
Im m ≥ 5
We end this section with the following reduction result. The proof is
clear.
Proposition 1.2. Assume that for all irreducible Coxeter groups, Theorem
1.1 holds. Then Theorem 1.1 holds for all Coxeter groups.
2. SIGN TYPES AND ORDERS OF EVIL ELEMENTS
As noted in Section 1 we only need focus on the case when W is a ﬁnite
irreducible Coxeter group. In this section we examine the possible orders
of evil elements in such groups. We begin with some general observations.
Since we shall be viewing W as a subgroup of Sym(&), each w ∈ W may
be written as a product of disjoint cycles of roots of &. A typical cycle C =
α1 α2     αk has αi ∈ & with w ·αi = αi+1 for 1 ≤ i < k and w ·αk = α1,
and sometimes we label the roots of C with a + or − to indicate whether
they are positive or negative roots. The resulting pattern of pluses and
minuses we call the sign type of C. For example, if C =  +α1
−
α2
+
α3
−
α4 then
C has sign type +−+−. Because w acts as a linear transformation on
V , −C = −α1−α2    −αk will also be a cycle of w. We use Cα to
denote the cycle of w containing α. It is easy to see that w being an evil
(respectively bad upward, bad downward) element of W implies that w−1
is also evil (respectively bad upward, bad downward). Further, for each
α ∈ & and i ∈ , wi · αwi+1 · α = αw · α and, indeed, much of our
attention is directed at the inner product αw · α, α ∈ &, where w is an
evil element. We state the following easy lemma.
Lemma 2.1. The dihedral group Im has no evil elements.
So from now on we may assume that W is not Im. We further assume
that W is neither H3 nor H4.
Proposition 2.1. Let W be a ﬁnite irreducible Coxeter group (not Im,
H3, or H4). If α and β are in the same connected component of & then
αβ ∈ 0± 12 ±1 and if α and β are in different connected components
of & then αβ ∈ 0±
√
2
2 .
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Proof. Since H3, H4, and Im have been excluded, our Coxeter group is
the Weyl group of a Root system. Furthermore, the “roots” in the Cox-
eter group sense are simply the unit vectors associated to the “Roots” in
the Root system sense. It is well known that two roots are in the same
connected component in the Coxeter group sense if and only if the cor-
responding Roots have the same length. The possible angles between two
roots (equivalently, Roots) are well known. Note that since G2 = I6 has
been excluded, no rank 2 subRootsystem is of type G2, which is why
√
3
2
does not appear as a possible inner product in the statement of the propo-
sition.
Corollary 2.1. Suppose that W is a ﬁnite irreducible Coxeter group (not
In, H3, or H4) and that αβ are in the same connected component of &+. If
rα · β ∈ &− and rβ · α ∈ &−, then α = β.
Proof. Assume for a contradiction that rα · β ∈ &− and rβ · α ∈ &−, but
α 
= β. Then since both roots are positive, αβ 
= ±1 so αβ ∈ 0± 12
by Proposition 2.1, because they are in the same connected component. If
αβ = − 12 then rβ · α = α − 2αββ = α + β, clearly not a negative
root. If αβ = 0 then rβ · α = α, again, not a negative root. Therefore
αβ = 12 and hence rβ · α = α − β. But then rα · β = β − 2αβα =
β− α = −rβ · α. Therefore it is impossible for both rα · β and rβ · α to be
in &−, so we have a contradiction. The result now follows.
Note that α α + β = 1 + αβ whence, by Proposition 1.1(iii) and
Proposition 2.1, α + β can only be a root when αβ = − 12 . Similarly
α− β is a root if and only if αβ = + 12 .
Lemma 2.2. Let w ∈ W . Suppose, for α ∈ &, either αw · αw2 · α
w3 · α ⊆ &+ or αw · αw2 · αw3 · α ⊆ &−. Then either w · α = α or
there exists a reﬂection s ∈ W such that lsws > lw.
Proof. Suppose that for all reﬂections s ∈ W , lsws ≤ lw. Suppose we
have αw · αw2 · αw3 · α ⊆ &+, and set β = w · α, γ = w2 · α, and δ =
w3 · α. So w · γ = δ ∈ &+ and therefore lwrγ > lw by Lemma 1.1. If rγ ·
β ∈ &+, then rγ · w−1 · γ = rγ · β ∈ &+, whence lrγw−1rγ > lrγw−1 by
Lemma 1.1. But then lrγw−1rγ > lrγw−1 = lwrγ > lw, contrary to
our assumption that the length of w cannot be increased by any reﬂection.
Thus rγ · β ∈ &−. Since w−1 must have the same property as w, that for
all reﬂections s, lsw−1s ≤ lw−1, we may repeat the above argument,
starting with β, to deduce that rβ · γ ∈ &−. Therefore, using Corollary 2.1,
β = γ which implies that w · α = α. Since αw · αw2 · αw3 · α ⊆ &−
yields that −αw · −α w2 · −α w3 · −α ⊆ &+, the lemma holds.
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Lemma 2.3. Let w ∈ W and α ∈ &+. If w · α ∈ &−, w2 · α ∈ &+ and
w3 · α ∈ &− then either w · α = −α or there exists a reﬂection s ∈ W such that
lsws < lw.
Proof. Suppose w is an element of W such that for all reﬂections s ∈ W ,
lsws ≥ lw. Let β = w · α, γ = w2 · α, and δ = w3 · α. From w · γ = δ ∈
&− we get lwrγ < lw. Suppose that rγ · −β ∈ &+. Then rγw−1 · γ =
rγ · β ∈ &− and so lrγw−1rγ < lrγw−1. Hence lrγwrγ = lrγw−1rγ <
lrγw−1 = lwrγ < lw, which contradicts our initial assumption about
w. Therefore rγ · −β ∈ &−. Applying the same argument with w−1 in
place of w and −α in place of α yields that r−β · γ ∈ &−. Consequently, by
Corollary 2.1, γ = −β which implies that w · α = −α.
Lemma 2.4. Suppose w is an evil element of W . Then the only possible
2-cycles in w are of the form α−α for some α ∈ &.
Proof. By Lemma 2.2 a 2-cycle would have sign type +− and conse-
quently Lemma 2.4 follows from Lemma 2.3.
It is clear that all the roots in a cycle C = α1 α2     αk of w are
in the same connected component of &. Therefore, by Proposition 2.1,
α1 αj ∈ 0± 12 ±1 for 1 ≤ j ≤ k. We will now consider each possibility
for the inner product of adjacent roots in a cycle of an evil element w. For
ease of notation we write ri for rαi .
If α1 α2 = 1, then C = α1 and α1 is a ﬁxed point of w. If α1 α2 =
−1 then C is a 2-cycle of the form α1−α1. If neither of these is the case
then C cannot be a ﬁxed point or a 2-cycle, so by Lemma 2.3, replacing C by
−C if necessary, we may assume that there exists α in C with αw · α ∈ &+.
By Lemma 2.2, there are at most three consecutive positive roots in C, so
we may further assume that C =  +α1
+
α2
−
α3     αk. It remains to consider
the case αw · α ∈ 0± 12, which we do in the next lemma.
Lemma 2.5. (i) If α1 α2 = − 12 then the sign type of ±C is an exact
number of repetitions of ′++−′.
(ii) If α1 α2 = 12 then the sign type of C is an exact number of
repetitions of ′+++−−−′.
(iii) If α1 α2 = 0 then the sign type of C is an exact number of repe-
titions of ′++−−′.
Proof. Suppose α1 α2 = − 12 . Then w−1 · α2 ∈ &+, and if r2w · α2 ∈
&+ then, as before, lwr2 > lw, which is impossible because w is evil.
Therefore r2w ·α2 = r2 ·α3 ∈ &−. Now since α2 α3 = − 12 , r2 ·α3 = α3+
α2. Therefore −α3 − α2 ∈ &+. Suppose that α4 ∈ &−. Then w · −α3 ∈ &+
but in addition r−α3w−1 · −α3 = −r−α3 · α2 = −α2 + 2−α3 α2−α3 =− α2 − α3 ∈ &+. Hence lwr3 > lw, which contradicts the fact that w is
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evil. Thus α4 ∈ &+. Now by Lemma 2.3, we must have α5 ∈ &+. Suppose
that α6 ∈ &+. Then w · α5 ∈ &+, and r5w−1 · α5 = r5 · α4 = α4 + α5 ∈
&+, since both α4 α5 ∈ &+. But this implies that lwr5 > lw, which is
impossible. Therefore α6 ∈ &−. This process may be repeated for the whole
of C, and so (i) holds.
Suppose that α1 α2 = 12 . We may assume as above that C = 
+
α1
+
α2−
α3     αk. Suppose that α4 ∈ &+. Then w · −α3 ∈ &−, so to avert
lwr3 < lw we must have r3w−1 · −α3 = −r3 · α2 ∈ &+. But r3 · α2
is equal to α2 + −α3, which is clearly positive. Therefore α4 ∈ &−. Now
w−1 · −α3 = −α2 ∈ &−, so to prevent lw−1r3 < lw−1, we must have
r3w · −α3 = −r3 · α4 = −α4 + α3 ∈ &+. Suppose that α5 ∈ &+. Then
w · −α4 ∈ &−, so again we must have r4w−1−α4 = −r4 · α3 = −α3 +
α4 ∈ &+. But we have shown that α3 − α4 ∈ &+, which is a contradiction.
Thus α5 ∈ &−. By Lemma 2.2, α6 ∈ &+. Now, comparing −α4−α5−α6 to
α1 α2 α3 we may deduce that α7, α8 are positive and α9 is negative. This
process may be repeated for the whole of C, whence part (ii) follows.
The only remaining case to consider is α1 α2 = 0. In this case ri ﬁxes
αi±1 for all i. So riw−1 · αi = w−1 · αi and riw · αi = w · αi for all i. To
avoid lwri 
= lw, w−1 · αi and w · αi must have different signs for all i.
Therefore α4 ∈ &−, α5 ∈ &+ and so on. Repeating this for the whole of C
gives the ﬁnal part of the lemma.
Proposition 2.2. If w is an evil element of W , then the order of w divides
12. Furthermore any cycle C of w is of exactly one of the following types.
Type 1. C is a ﬁxed point.
Type 2. C is a 2-cycle of the form x−x.
Type 3. C = ±+x +y−
−
x+ y.
Type 4. C = ±+x
+
x+ y +y− −x−
−
x+ y− −y.
Type 5. C =  +α1
+
α2
−
α3
−
α4 and α1 α2 = 0.
Type 6. C = α1 α2     α12, with inner product α1 α2 = 0 and C
has sign type ++−−++−−++−−.
Proof. By considering the possible sign types of cycles of w, we note that
for any positive root α, w12 · α ∈ &+. But lw12 = Nw12 = 0. Therefore
w12 = 1 and so the length of cycles of w must divide 12. We have discussed
2-cycles in Lemma 2.4. Let us reconsider the case where α1 α2 = − 12 ,
and so (modulo ±C), C =  +α1
+
α2
−
α3
+
α4
+
α5
−
α6    . Then C ′ is also a
cycle of w, where
C ′ =  +α1 + α2
−
α2 + α3
−
α3 + α4
+
α4 + α5
−
α5 + α6    
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as w · α1 + α2 = α2 + α3 and so on. The signs of each root follow from
the calculations leading up to Lemma 2.5. The sign type of C ′ may only
occur where its inner products are − 12 , by Lemmas 2.2–2.5. Therefore α1+
α2 α2 + α3 = − 12 . But α1 + α2 α2 + α3 = r2 · α1 r2 · α3 = α1 α3.
Hence α1 α3 = − 12 . Now α1 + α2 α3 = − 12 − 12 = −1. Therefore α3 =
−α1 + α2 and α4 = w · −α1 + α2 = −α2 − α3 = α1. So if α1 α2 = − 12 ,
then C = ±+x +y−
−
x+ y (and all 3-cycles must be of this form). This is
Type 3.
Now suppose that α1 α2 = 12 . Modulo±C we have C = 
−
α1
+
α2
+
α3
+
α4 
−
α5
−
α6    . Then C ′ = 
−
α1 − α2
−
α2 − α3
+
α3 − α4
+
α4 − α5
+
α5 − α6     is
also a cycle of w, as w · α1 − α2 = α2 − α3 and so on. The signs of each
root follow from the calculations in the proof of Lemma 2.5. The sign type
of C ′ may only occur where its inner products are 12 , by Lemmas 2.2–2.5.
Therefore α1 − α2 α2 − α3 = 12 . But α1 − α2 α2 − α3 = r2 · α1−r2 ·
α3 = −α1 α3, whence α1 α3 = − 12 . Now α1 + α3 α2 = 12 + 12 = 1.
Therefore α2 = α1 + α3. But we then have w · α1 + α3 = α2 + α4 = α1 +
α3 + α4. Thus α4 = −α1. Hence α5 = −α2, α6 = −α3, and α7 = −α4 = α1.
So if α1 α2 = 12 , then C = ±
+
x
+
x+ y +y− −x−
−
x+ y− −y (and all
6-cycles must be of this form). This is Type 4. If α1 α2 = 0, then as we
have an exact number of repetitions of ′++−−′, the cycle must either
be a 4-cycle (Type 5) or a 12-cycle (Type 6). This completes the proof of
Proposition 2.2.
The next result shows that if w has order 2, 3, or 6 and for all reﬂections
s lsws = lw, then it lies in a ﬂat class and so cannot be evil.
Proposition 2.3. Evil elements have order 4 or order 12.
Proof. We already know that the order of w must divide 12. Suppose w
has order 2, 3, or 6. Then all cycles in w must be of types 1 2 3 or 4. Let
v ∈ W be a conjugate of w, so there exists u ∈ W such that v = uwu−1. It
is clear that C is a cycle of w if and only if u · C is a cycle of v, because
v · u ·α = uwu−1 · u ·α = u · w ·α. Now the length of w is given by how
many positive roots are taken negative under the action of w. This occurs
every time a cycle C has a +− in its sign type. Suppose C is a 2-cycle in
w. Then it is Type 2 and of the form x−x for some root x. Clearly its
image under u is also of this form, and so C contributes one root to Nw
and u · C contributes one root to Nv. Suppose C is a ﬁxed point. Then
clearly C contributes no roots to Nw and u · C contributes no roots to
Nv. Suppose C is Type 3; that is, C = ±+x +y
−
−x+ y. Then the roots
in u ·C cannot all have the same sign, because, for instance, if u · x and u · y
are both positive then u · −x+ y must be negative. So C contributes one
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root to Nw and u ·C contributes one root to Nv. Suppose C is Type 4;
that is, C = ±+x
+
x+ y +y− −x−
−
x+ y− −y. Taking −x instead of x
if necessary we may assume that u · x ∈ &+. Now if u · y ∈ &+ then clearly
u · x + y ∈ &+ and u · C has sign type +++−−−. If u · y ∈ &−
then u · C has sign type either ++−−−+ or +−−−++.
These are all obviously the same sign type and give that u · C contributes
exactly one root to Nv, and C contributes exactly one root to Nw. In
summary, the image of each cycle contributes the same number of roots to
Nv as the original cycle contributes to Nw. Therefore lv = lw. So
w lies in a ﬂat class, as required.
3. EVIL ELEMENTS IN An, Bn, AND F4
This section begins by dealing with An, then Bn and F4 are tackled
together using the fact that inner products of roots in these latter two
groups may be ±
√
2
2 .
Proposition 3.1. There are no evil elements in An.
Proof. Recall that An is isomorphic to the symmetric group Sn+1. We
have, for 1 ≤ i ≤ n, ri = i i + 1 in the Coxeter graph given above. It
is easy to check that this choice of elements generates Sn+1 and has the
correct relations. For the root system of An−1, we consider the action of
Sn upon n. Given an orthonormal basis ε1     εn, a permutation will act
by permuting the subscripts. The vectors ﬁxed by Sn will be multiples of
ε1 + · · · + εn; that is, a one-dimensional subspace of n is ﬁxed by Sn, and
Sn is essential relative to its orthogonal complement. Transpositions ij
act as reﬂections, sending εi − εj to its negative and ﬁxing the orthogonal
complement. So Sn acts on the vector space generated by the fundamental
roots ε1 − ε2 ε2 − ε3     εn−1 − εn. It is not difﬁcult to show that the
root system & is the set ±εi − εj 1 ≤ i < j ≤ n. Suppose w is an evil
element of Sn. Then it must have order 4 or 12, by Proposition 2.3. So
there must be either a 4-cycle or a 12-cycle in w (in its expression as a
permutation in Sn, not as a permutation of the roots). If w has order 12
but no 12-cycles, then there must be at least one 4-cycle. Let the cycle be
i1 i2 · · · ik, where k = 4 or k = 12. Then obviously the root εi1 − εi2 is
in either a 4- or 12-cycle of roots permuted by w. So εi1 − εi2 w · εi1 −
εi2 = 0, because w is evil. But w · εi1 − εi2 = εi2 − εi3 . Now εi1 − εi2 +εi2 − εi3 = εi1 − εi3 is a root. As noted at the end of the ﬁrst section,
this can only happen when εi1 − εi2 εi2 − εi3 = − 12 . Therefore the inner
product is nonzero and w cannot be evil. Hence there are no evil elements
in An.
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We defer discussion of the ﬂat classes of An and Bn until the next section,
when we considerDn also. The rest of this section will be devoted to proving
Proposition 3.2. There are no evil elements in Bn or F4.
We consider the special situation in which the inner product of two roots
may be ±
√
2
2 . Assume for the moment that w is an evil element of order 4,
so all cycles are of Types 1, 2, and 5 in the classiﬁcation of Proposition 2.2.
Let us also assume that w has a ﬁxed point α. Suppose for some β ∈ &,
αβ =
√
2
2 , so that rβ · α = α−
√
2β is a root. Now if βw · β = 0,
α−
√
2βw · α−
√
2β = 1−
√
2αw · β −
√
2βα + 2βw · β
= 1−
√
2w−1 · αβ −
√
2βα + 2βw · β
= 1− 2
√
2αβ + 2βw · β
= −1+ 2βw · β
= −1 
So α − √2β = w2 · α − √2β = α − √2w2 · β. But this implies that
βw2 · β = 1 and hence βw · β = ±1, which is a contradiction.
If βw · β = −1 then
√
2
2 = αβ = w−1 · αβ = αw · β =
α−β = −
√
2
2 , which is also a contradiction. Thus if α is a ﬁxed point
and αβ =
√
2
2 , then β is a ﬁxed point also. Since −α is also ﬁxed, we
can extend this to: if αβ = ±
√
2
2 then β is ﬁxed.
Suppose now that αw ·α = −1 (so α is in a 2-cycle), and that αβ =√
2
2 . From the above, β cannot be ﬁxed. If βw ·β = 0 then a similar cal-
culation to the calculation above gives that α−√2βw · α−√2β = 1
and hence that βw2 · β = 1 and thus βw · β = ±1, which is a cont-
radiction. So if αw · α = −1 and αβ = ±
√
2
2 then βw · β = −1.
There are two instances where it is possible to have an inner product of
±
√
2
2 , Bn, and F4 (because these are the groups whose root systems have
two connected components). In F4, let the fundamental roots correspond-
ing to r1 r2 r3, and r4 in the Coxeter graph be a b c, and d, respectively.
Now suppose α ∈ & is such that w2 · α = α. Then by the preceding para-
graph, whenever αβ = ±
√
2
2 , we have w
2 · β = β also. Without loss of
generality, by symmetry we may assume that α lies in the same connected
component as b. Suppose α = b. Now b c = −
√
2
2 and b r2 · c =
√
2
2 ,
and hence w2 · c = c and w2 · r2 · c = r2 · c. But now c r3 · b =√
2
2 , r3 · b d = −
√
2
2 , and r2 · c a = −
√
2
2 . Therefore every fundamen-
tal root is ﬁxed by w2, so every root is ﬁxed by w2. Thus w2 = 1, which
contradicts the order of w being 4. Similarly if α = u · b for some u ∈ W ,
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then u ·" is ﬁxed by w2, so u ·& = & is ﬁxed by w2 and therefore w2 = 1,
again a contradiction. Thus there does not exist α ∈ & such that w2 · α = α.
The other case to consider is that of Bn, generated by ri, 1 ≤ i ≤ n,
with relations as in the Coxeter graph given earlier. Let S be a nonempty
subset of the set of roots of Bn. Suppose further that whenever α, β are
two roots such that αβ = ±
√
2
2 , then α ∈ S implies that β ∈ S. Then
in fact every root belongs to S. This can be proved simply by examining
the root system for Bn; details are left to the reader. In particular, if there
exists α such that w2 · α = α, then w2 ·β = β for all β ∈ &; that is, w2 = 1.
Thus in Bn and F4, an evil element of order 4 can have no ﬁxed points.
So all its cycles are of Type 5. But this means that for every positive root α,
w2 · α ∈ &−. That is, &+ ⊆ Nw2, and so w2 = w0, the longest element of
W . But in Bn and F4, w0 is in the centre of the group, so every cycle in w
must be of the form x y−x−y and it is clear to see that in this situation
w must be in a ﬂat conjugacy class and so cannot be evil, by deﬁnition. So
we have shown that in Bn and F4 there are no evil elements of order 4.
We now consider the case where w has order 12. If there are no 3- or 6-
cycles, then w4 · α ∈ &+ for all α ∈ &+, and so w4 = 1, which is impossible.
So there must be at least one 3-cycle or 6-cycle.
Lemma 3.1. Let α, β ∈ &. If α is in a 3-cycle of w and αβ 
= 0 then
β is in a 3-cycle or a 12-cycle of w. Similarly, if α is in a 6-cycle of w and
αβ 
= 0 then β is in a 6-cycle or a 12-cycle of w.
Proof. Suppose thatα is in a 3-cycle ofw and αβ 
= 0. The 3-cyclemust
be of Type 3 and C = ±+x +y−
−
x+ y. Since αβ = wi · αwi · β
for all i, and wi · β is in the same cycle as β, we may assume without loss of
generality that α = x. If w · β = β then xβ = w · xw · β = y β =
w · yw · β = −x + y β = −2xβ, which is obviously impossible. If
w ·β= −β thenxβ = w3 · xw3 ·β = x−β = −xβ,which isagain
impossible. Ifβ is in a4-cycle then xβ = w4 · xw4 ·β = y β = w4 · y,
w4 ·β = −x+ y β = −2xβ, another contradiction. Ifβ is in a 6-cycle
then w3 · β = −β and so xβ = w3 · xw3 · β = x−β = −xβ, a
contradiction. So the only possibilities for β are that it lies in a 3-cycle or a
12-cycle. Now assume thatα lies in a 6-cycle ofwwith αβ 
= 0. Itmust be of
Type 4 andC = ±+x
+
x+ y +y− −x−
−
x+ y− −y. Wemay again set α =
x. From the above,β cannot be in a 3-cycle. Ifw ·β = β then xβ = w3 · x
w3 ·β = −xβ = −xβ,whichis impossible. Ifw ·β = −β thenxβ =
w2 · x w2 · β = y β = w · xw · βx + y−β = −2xβ, which is
again impossible. If β is in a 4-cycle then xβ = w8 · xw8 · β = y β =
w4 · x w4 · β = −x + y β = −2xβ, yet another contradiction. So
the only possibilities forβ are that it lies in a 6-cycle or a 12-cycle.
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Suppose for the moment that, for x y ∈ &, x is in a 3-cycle, y is in a
12-cycle, and x y =
√
2
2 . Then〈
x−
√
2yw · x−
√
2y
〉
= xw · x −
√
2w−1 · x y
−
√
2w · x y + 2yw · y
= −1
2
−
√
2w · x+w−1 · x y + 0
= −1
2
−
√
2−x y
= −1
2
+
√
2
√
2
2
= 1
2
 
So x − √2y must be in a 6-cycle and hence x − √2w6 · y = w6 · x −√
2y = x − √2y, that is, w6 · y = y. But this is false, as y is in a 12-
cycle. So it is impossible for x to be in a 3-cycle and y to be in a 12-cycle
with x y =
√
2
2 .
Now we consider the case when x is in a 6-cycle, y is in a 12-cycle, and
x y =
√
2
2 . Then〈
x−
√
2yw · x−
√
2y
〉
= xw · x −
√
2w−1 · x y
−
√
2w · x y + 2yw · y
= 1
2
−
√
2w · x+w−1 · x y + 0
= 1
2
−
√
2x y
= 1
2
−
√
2
√
2
2
= −1
2
 
So x − √2y must be in a 3-cycle and hence x − √2w6 · y = w6 · x −√
2y = x − √2y; that is, w6 · y = y. But this is false, as y is in a 12-
cycle. So it is impossible for x to be in a 6-cycle and y to be in a 12-cycle
with x y =
√
2
2 .
In summary if x is in a 3-cycle (respectively a 6-cycle) of w and x y =√
2
2 then y must also be in a 3-cycle (respectively a 6-cycle) of w. We now
have the same situation as we did above with roots ﬁxed by w2. If w has
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either a 3-cycle or a 6-cycle, then all cycles of w must be 3-cycles or 6-
cycles, using the same reasoning as before. But this would contradict the
fact that w has order 12. Therefore there are no 3-cycles or 6-cycles in w.
As we have noted, this implies that w4 = 1, which is a contradiction. Thus
there can be no evil elements of order 12. Since, by Proposition 2.3, evil
elements have order 4 or 12, there can be no evil elements in either Bn or
F4, so establishing Proposition 3.2.
We have also shown that the only possible ﬂat classes in F4 are those
with elements of order 3 4 or 6, where the only ﬂat class of elements of
order 4 would consist of those elements that square to w0. By looking at a
representative from each class of order 3 or 6 elements, one can determine
whether or not the class is ﬂat. This is discussed again in Section 5.
4. EVIL ELEMENTS IN Dn
To show that there are no evil elements in Dn, it is necessary to specify
in more detail its generators and root system. It is useful to think of Dn as
a subgroup of index 2 in Bn, which may be deﬁned as follows. We let Sn act
on n as in Proposition 3.1, but we also deﬁne other reﬂections, sending
an εi to its negative and ﬁxing all other εj . Each of these reﬂections has
the effect of changing the sign of the ith coordinate, so they generate a
group Kn of order 2n isomorphic to 2n. The group Kn intersects trivially
with Sn and Sn acts on Kn by conjugation; conjugating a sign change by a
transposition obviously gives another sign change so Kn is normalised by
Sn. We may therefore form the semidirect product of Sn and Kn; it will be
an essential reﬂection group of order 2nn!. For n ≥ 2 we deﬁne Bn to be
the reﬂection group isomorphic to the semidirect product of Sn and Kn. It
is generated by the sign change sending ε1 to −ε1, denoted by t, and the
reﬂections corresponding to the transpositions i i + 1, denoted by si, for
1 ≤ i ≤ n− 1. In the labeling of the Coxeter graph of Bn given in Section 1,
we set t = r1 and ri = si+1 for 2 ≤ i ≤ n. It is clear that the appropriate
relations are satisﬁed. For n ≥ 4, Dn is the subgroup (of index 2) of Bn
generated by Sn and the even sign changes of Kn. It is necessary to be
more explicit about the generators, reﬂections and roots in Dn, so we now
look at the semidirect product of Sn and 2n. If A, G are two groups,
with A acting on G, then we deﬁne the semidirect product AG, to be the
set A×G, where the product of two elements is given by
a gb h = ab gbh
where a b ∈ A and g h ∈ G. Inverses are given by
a g−1 = a−1 g−1a−1 
evil elements in coxeter groups 553
We write elements of 2n as n-vectors of 0’s or 1’s. The group Sn acts
on 2n by permuting the coordinates. So if g = v1     vn and τ ∈ Sn
we have
gτ = vτ−11     vτ−1n (1)
The group Dn is the subgroup of Bn = Sn2n of reﬂections involving
only an even number of sign changes. In terms of the semidirect product,
it is the subgroup whose elements a g all have an even number of 1’s in
the expression for g.
The following elements can be shown to generate Dn and obey all the
correct relations, as in the Coxeter graph:- r1 = 12 1 1 0     0 and
ri = i− 1 i 0 for 2 ≤ i ≤ n. (We write 0 for the identity in 2n.) Also
Dn acts on n as follows:
w v1     vn ·
(
n∑
i=1
λiεi
)
=
n∑
i=1
−1viλiεwi 
The fundamental root corresponding to r1 is −ε1 − ε2; for i ≥ 2 the
fundamental root corresponding to ri is εi−1 − εi. The root system
& = ±εi ± εj, where 1 ≤ i < j ≤ n and the signs may be chosen arbi-
trarily. The set of positive roots is &+ = ±εi − εj, where 1 ≤ i < j ≤ n.
Given an element a g of Dn with g = v1     vn the parity of an
r-cycle i1 · · · ir of a is deﬁned to be the parity of the sum vi1 + vi2 + · · · +
vir . We write + above the cycle for an even parity, − otherwise. We
now deﬁne the signed cycle type of an element of Dn to be the cycle type
with a + or a − over each cycle, according to its parity (cycles of length
1 must be included). So for example, in D4, the signed cycle type of the
element 23 1 1 1 1 is
+
23
−
1
−
4. We may now state the following
well-known fact (see [2]).
Proposition 4.1. Conjugacy classes in Dn are parameterized by signed
cycle type, with one class for each signed cycle type except in the case where
the signed cycle type contains only even length, positive cycles, where there
are two classes for each signed cycle type. In the case that an element a g
contains no negative or odd length cycles, it is conjugate to exactly one of the
elements c 0 and c k, where c has the same signed cycle type as a but has
a cycle 12 · · ·m with m even, and k is the element all of whose coordinates
are 0 except the ﬁrst two, which are 1’s.
Proposition 4.2. Let w be evil inDn. Then w has order 4 and w = σ g,
where all the cycles in σ are 1-cycles or 2-cycles.
Proof. Suppose w in Dn is evil, so, by Proposition 2.3, it has order 4 or
12. Let w = σ g. Assume, for a contradiction, that σ ∈ Sn has a cycle of
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length k ≥ 3. Then w is conjugate to w′ = σ ′ h, where w′ contains the
cycle 1 2 · · ·k and h = v1     vn with either
(i) v1 = 1, v2 = · · · = vk = 0,
(ii) v1 = · · · vk = 0, or
(iii) v1 = v2 = 1, v3 = · · · = vk = 0.
Recall that 3-cycles of roots permuted by w have inner product of adja-
cent roots equal to − 12 , 6-cycles have inner product + 12 , and 4-cycles and
12-cycles have inner product 0. Therefore, because inner products are pre-
served by the group action, any conjugate of w must have the same inner
products. Also recall that if α+ β is a root, then αβ = − 12 and if α− β
is a root, then αβ = 12 . Now w′ · ε1 + ε2 = ±ε2 ± ε3, with the signs
determined by the values of v1 v2, and v3. So ε1 + ε2 ± w′ · ε1 + ε2 is a
root, and so ε1 + ε2 w′ · ε1 + ε2 
= 0. So ε1 + ε2 cannot be in a 4- or
12-cycle of w′. But if k = 4 or k = 12 then this does occur. So σ can have
no 4-cycles and no 12-cycles.
Now it is clear that the order of w must be either the order of σ or twice
the order of σ . Therefore σ can only have cycles whose lengths divide 12.
We have also assumed that σ has a cycle of length at least 3. Therefore,
since σ has no 4-cycles and no 12-cycles, it must contain either a 3-cycle or
a 6-cycle and therefore have order 6. Suppose we have k = 6, above. Then
in the ﬁrst possibility for h, w′ has a 12-cycle of roots
ε1+ ε2−ε2 + ε3−ε3+ ε4−ε4+ ε5−ε5+ ε6−ε6+ ε1−ε1+ ε2    
with a nonzero inner product of adjacent roots. This is impossible. In the
third possibility for h, w′ has a 6-cycle of roots
ε1 + ε2−ε2 − ε3 ε3 − ε4 ε4 − ε5 ε5 − ε6 ε6 − ε1
with adjacent roots having inner product − 12 , which is also impossible. The
only way that w can be conjugate to neither possibility (i) or (iii) is if all the
cycles in σ have even parity and even length, and w is conjugate to σ 0.
But since σ has order 6, clearly σ 0 has order 6 also and is conjugate to
w. This contradicts the order of w, and thus σ has no 6-cycles.
The remaining possibility is that σ has a 3-cycle. In this case, let k = 3.
Since σ has a cycle of odd length, its signed cycle type has only one con-
jugacy class, so w is conjugate to one of the ﬁrst two possibilities for h. In
the ﬁrst possibility, w′ has a 6-cycle of roots
ε1 + ε2−ε2 + ε3−ε3 + ε1−ε1 − ε2 ε2 − ε3 ε3 − ε1
with adjacent roots having inner product − 12 , which is impossible. In the
second case, w′ has a 3-cycle ε1 + ε2 ε2 + ε3 ε3 + ε1 with inner prod-
uct 12 , which is also impossible. Thus σ has no 3-cycles. This contradicts our
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assumption that σ contained at least one cycle of length k ≥ 3. Hence all
the cycles in σ are 1-cycles or 2-cycles, and so w must have order 4. This
completes the proof.
We now need only consider evil elements of order 4 to prove
Proposition 4.3. There are no evil elements in Dn.
Proof. Clearly for w to have order 4 there must be at least one 2-cycle
of odd parity, say 1 2. Thus if σ has a 1-cycle, it is conjugate to either
(i) w′ = 1 23     0 1 1     or
(ii) w′ = 1 23     0 1 0    .
In (i), w′ has a 4-cycle of roots ε2 − ε3−ε1+ ε3−ε2 − ε3 ε1+ ε3 with
inner product − 12 . In (ii), w′ has a 4-cycle of roots ε2 − ε3−ε1− ε3−ε2 −
ε3 ε1 − ε3 with inner product 12 . Both cases give a contradiction, so σ can
have no 1-cycles.
If σ has two 2-cycles of even parity then (as the cycles of σ are not
all of even parity), w is conjugate to w′ = 1 23 4     0 0 0 0    .
But then there is a 2-cycle of roots ε1 + ε3 ε2 + ε4. This is impossible
since in evil 2-cycles the inner product is always −1; that is, all the cycles
are of the form α−α. If σ has no 2-cycles of even parity then clearly
w2 = 1 1 1     1, and so for all roots α ∈ &, w2 · α = −α. For any
conjugate w′ = xwx−1 of w, w′2 · x · α =x · w2 · α= −x · α. Therefore
for all conjugates w′ of w, each cycle of roots is a 4-cycle of the form
αβ−α−β. Each cycle therefore “contributes” one to the length of w′,
and so every conjugate of w has the same length as w. In other words, w
lies in a ﬂat class and so cannot be evil. Therefore σ has only 2-cycles, with
one 2-cycle of even parity, the rest of odd parity.
Let w′ = τ u1     un be an arbitrary element of this type. So we
may write τ = xy∏ki=1cidi, where ux = uy , uci = 1 and udi = 0. The
length of such an element is the number of positive roots taken negative
by w′. We may count these by counting the positive roots taken negative in
each cycle. There are six cases, or “types” of cycle of roots.
(i) εci ± εdi −εdi ± εci −εci ± εdi−−εdi ± εci. These cycles
have sign type ++−− and so contribute 1 to the length.
(ii) εci ± εcj −εdi ± εdj −εci ± εcj  εdi ± εdj . These cycles have
sign type ++−− and so contribute 1 to the length.
(iii) εci ± εdj −εdi ± εcj −εci ± εdj −−εdi ± εcj . These cycles
also have sign type ++−− and again contribute 1 to the length.
(iv) Cycles involving ±εx ± εy . If ux = 0 then ±εx + εy are ﬁxed
points, contributing nothing to the length, whereas εx − εy−εx − εy is
a 2-cycle contributing 1 to the length. If ux = 1 then ±εx − εy are ﬁxed
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points, contributing nothing to the length, and εx + εy−εx + εy is a
2-cycle contributing 1 to the length. So the contribution to the length is the
same in every case.
(v) ±εx + εci  −1uxεy − εdi  εx − εci  −1uxεy + εdi.
(vi) ±εx + εdi  −1uxεy + εci  εx − εdi  −1uxεy − εci.
So for any conjugate of w, the length may only differ as a result of cycles
of types (v) and (vi). Because w is evil, we know that every 4-cycle has
the sign type ++−−. Now, in type (v) the root εx + εci is nega-
tive, so the root εx − εci must be positive. Similarly, from type (vi), the
root εx − εdi must be positive. This can only happen if x < ci for all i,
and x < di for all i. Obviously the same holds for y; therefore we must
have xy = 1 2.
We now give a conjugating reﬂection which will change the length of w.
If u1 = un then conjugate w with the reﬂection 1 n 0. If u1 
= un then
conjugate w with the reﬂection 1 n 1 0     0 1. A simple calculation
shows that we obtain w′ = 2 n∏ki=1c′i d′i u′1     u′n with u′2 = u′n,
u′c′i = 1 and u
′
d′i
= 0. We consider the two possibilities for u′2 separately.
(4.3.1): u′2 = u′n = 0. As stated above, the only difference in length
between w and w′ is as a result of cycles of types (v) and (vi). In w all cycles
of these types contribute 1 to the length. In w′ the two types are ±ε2 + εc′i 
εn − εd′i  ε2 − εc′i  εn + εd′i and ±ε2 + εd′i  εn + εc′i  ε2 − εd′i  εn − εc′i. In
both cases the sign type is ±−−+− unless c′i = 1 or d′i = 1. That
is, all cycles contribute 1 to the length except the two cycles containing
±ε1 + ε2, which have sign type ±−−−− and contribute nothing to
the length. Therefore lw′ = lw − 2, and so w is not evil.
(4.3.2): u′2 = u′n = 1. In w′ the two types are ±ε2 + εc′i −εn − εd′i  ε2 −
εc′i −εn + εd′i and ±ε2 + εd′i −εn + εc′i  ε2 − εd′i −εn − εc′i. In both cases
the sign type is ±−+++ unless c′i = 1 or d′i = 1. So all cycles con-
tribute 1 to the length except the two cycles containing ±ε1 + ε2, which
have sign type ±−+−+ and contribute 2 to the length. Hence lw′ =
lw + 2, and so w is not evil.
We have therefore proved that there are no evil elements in Dn.
We now consider the ﬂat classes in groups An, Bn, and Dn.
Proposition 4.4. There are no nontrivial ﬂat classes in An except 12
in A1 and 123 132 in A2.
Proof. The conjugacy classes of Sn are parameterized by cycle type. Let
σ be a nonidentity element of Sn. Then, as a product of disjoint cycles, with
a longest cycle ﬁrst, we may write
σ = a1 a2 · · · al1al1+1 · · · al2 · · · alm−1+1 · · · alm 
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Let bi  i ≥ 1 be the sequence 1 n 2 n− 1 3    so that b1 = 1 bi+1 =
n+ i− bi. Then σ is conjugate to
µ = 1 2 · · · l1 · · · lm−1 + 1     lm
and also to
ν = b1 b2 · · · bl1 · · · blm−1+1 · · · blm 
Thus if σ is in a ﬂat class we must have lµ = lν. Now it is easy to see
that for any σ ∈ Sn, the length of σ is Lσ, where Lσ is deﬁned to be
Lσ = i j  i < j and σi > σj 
By inspection Lµ = ⋃mj=1i lj  lj−1 < i < lj, writing l0 = 0. Hence
lµ = ∑mj=1 lj − 1 ≤ n − 1 with equality if and only if m = 1. Note also
that 1 i  1 < i ≤ n ⊆ Lν (we have assumed that σ was not the
identity, so the longest cycle is at least a 2-cycle); thus lν ≥ n − 1. If
σ is in a ﬂat class we must therefore have lµ = lν = n − 1 and so
m = 1 and µ = 1 2 · · ·n, ν = 1 n 2 · · ·. But if n > 3 then ν2 > νn,
so 2 n ∈ Lν and lν > n − 1. Therefore n ≤ 3 and it is easy to see
that the only ﬂat classes are 12 when n = 2 and 123 132 when
n = 3.
Proposition 4.5. There are no nontrivial ﬂat classes in Bn except w0
and w  w2 = w0.
Proof. In Bn the conjugacy classes are parameterized by signed cycle
type. So for any w ∈ Bn, w is conjugate to an element
w′ = 1 2 · · ·mτ u1 u2     un
with τ ∈ Sm+1   n, u1 = · · · = um−1 = 0 and um zero or one depending
on the sign of the ﬁrst cycle. Assume that m is the longest cycle length in
w. For Bn, &+ = εi  1 ≤ i ≤ n ∪ εi ± εj  i < j. Suppose that m > 2.
Then w′ · ε1 = ε2 ∈ &+ and rε1w′−1 · ε1 = εm ∈ &+, so lw′rε1  > lw′,
and w′ (hence w) cannot be in a ﬂat class. Therefore if w is in a ﬂat class,
its longest cycle is at most a 2-cycle, so the order of w divides 4. If w has
order 1 it is trivially in a ﬂat class. By Lemma 2.4, if w has order 2, all its
2-cycles must be of the form α−α, so for each α ∈ &, w · α = ±α. This
implies that w is central in Bn, and so must equal w0, which clearly forms
a ﬂat class. The remaining possibility is that w has order 4. In the proof of
Proposition 3.2, it was shown that if w had any ﬁxed points, then w = 1.
If the order of w is 4, it was also shown that w2 can have no ﬁxed points.
Therefore w cannot contain cycles of type −i, 
+
i, or
+
ij. That is, all cycles
are of the form
−
ij, and w is in the ﬂat class described in Proposition 3.2,
that class of elements w  w2 = w0.
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Proposition 4.6. There are no nontrivial ﬂat classes in Dn, except w0
in D2n and w  w2 = w0 in D4n.
Proof. Conjugacy classes in Dn are the same as those in Bn except where
the signed cycle type consists of only even, positive cycles. Suppose w ∈ Dn
has an odd or a negative cycle. Then it is conjugate to an element
w′ = 1 2 · · ·mτ u1 u2     un
with τ ∈ Sm+1   n, u1 = · · · = um−1 = 0, and um = 0 or 1. Assume that
m is the longest cycle length in w. Now &+ = εi ± εj  i < j. If m > 2
then w′ · εm−1 + εm = ε1 ± εm ∈ &+ and rεm−1+εmw′−1 · εm−1 + εm =
εm−2 ∓ εm ∈ &+, so lw′rεm−1+εm  > lw′, and w′ (hence w) cannot be in a
ﬂat class. If m = 2 then the order of w divides 4. If w = 1 it is trivially in a
ﬂat class. If w has order 2 then by Lemma 2.4 w · α = ±α for each root α
and hence w is central in Dn (this can only occur if n is even). In the proof
of Proposition 4.3 it was shown that if w has order 4 and its length cannot
be changed by conjugation with a reﬂection then its cycles of roots must all
be of the form αβ−α−β and it is in a ﬂat class. Such an element w,
when squared, has cycles α−α and so w2 = w0. It is clear that such a
class only occurs in D4n.
It remains to consider classes whose cycles are all even and positive.
Suppose w is in such a class, and it has a cycle of length greater than 2.
Then it is conjugate to
w′ = 1 2 · · ·mτ u v 0 0     0
where u = v and m ≥ 4. Now if u = v = 0, then w′ · ε2 − ε3 = ε3 − ε4 ∈
&+ and rε2−ε3w
′−1 · ε2 − ε3 = ε1 − ε3 ∈ &+ so that lw′rε2−ε3  > lw′.
If u = v = 1 then w′ · εm−1 − εm = εm + ε1 ∈ &+ and rεm−1−εmw′−1 ·εm−1 − εm = εm−2 − εm ∈ &+ so that lw′rεm−1−εm  > lw′. In either case,
w cannot be in a ﬂat class, so all the cycles of w must be positive 2-cycles.
This implies that w has order 2 so is not in a ﬂat class unless all roots are
sent to their negatives by w; that is, w ∈ ZDn. This possibility has already
been considered.
5. EXCEPTIONAL COXETER GROUPS
We restrict ourselves initially to E6, E7, E8, and F4, so that the results
in Section 2 apply. Since inner products and cycle types are preserved by
conjugation, we may deduce much by looking at one representative from
each conjugacy class in a group. For instance, if the elements of a class
contain 2-cycles, then for the class to be ﬂat or contain evil elements, the
2-cycles must be of the form α−α for some root α. Similarly adjacent
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elements in 4-cycles and 12-cycles must have inner product zero. These
sorts of considerations allow us to show that there are no evil elements, and
to list the ﬂat classes. For further details the reader may consult [8]. It is
somewhat more difﬁcult to deal with the groupsH3 andH4, where there is a
greater choice of inner products. We tested for ﬂat classes and evil elements
using the Cayley package [1]. Again, see [8] for more information. There
were no evil elements and the ﬂat classes are as listed in Theorem 1.2. We
have now covered all ﬁnite irreducible Coxeter groups, so by Proposition
1.2 and [7], Theorem 1.1 holds.
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